General energy approaches have been applied to study the single-domain polarization reversal induced by the voltage-modulated Atomic Force Microscopy (AFM) in ferroelectric single crystals and thin films. Topographic analysis of energy surfaces in the subspace of domain dimensions is performed, and energy evolutions under an external bias are elucidated. This has let to successfully describe all stages of the AFM switching, including formations of a reversed domain, its growth in a bulk, domain contact instabilities near an electrode, and pure sidewise expansions in a film.
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In this Letter, a model of the ferroelectric switching by the voltage-modulated AFM is proposed both for bulk crystals and for thin films. It is shown the AFM-induced polarization reversal is described by the classical energy approach in agreement with experiments at low voltages. The theory is based on calculations of electric fields via image-charge methods and properly involves the depolarization-field effects for thin-film geometry.
Let us imagine that a ferroelectric domain of semiellipsoidal shape is extending into an oppositely polarized half-space, both having the spontaneous polarization 8 ! orthogonal to a plane free surface. Let the out-of-plane component ]
( of an applied electric field is parallel to 8 ! inside the domain. The energy change :
∆ due to domain formation is determined by competitions between the electric-field energy, which favors to enlarge the domain, and the sum of domain-wall and depolarization contributions hindering the domain growth [5] . Assuming the in-plane dielectric isotropy as in
3E7L2
crystal with the out-of-plane orientation of its polar c axis, we may consider the domain as half of the spheroid having a radius U on the free surface and another semi-axis (length) O along the surface normal. Counting radial ρ and axial ] cylindrical coordinates from the spheroid center into a ferroelectric crystal, the energy :
The depolarization / field energy is defined by the first / last term in Eq. (1), the surface contribution is given via the spheroid surface area and specific energy γ , and ) denotes the depolarization factor of the spheroid along ] axis. and ) are analytical functions of 7 and O [7, 8] , the factor and out-of-plane F ε permittivities of the crystal [5] . If the half-space is now converted to a film of thickness + , another depolarization term I : should be added to the right-hand side of Eq. (1).
Depolarization-field calculations are reminiscent of image methods to find the field from a charge in a film [9] , but now a charged domain boundary is reflected from film surfaces as a whole. If the domain grows from the top film surface, the depolarization-energy problem is reduced to summing electrostatic interactions of the charged half-spheroid with the images having their centers at [ ] 
, the domain energetics in the film is described by Eqs (1)-(2) selfconsistently [10] .
To define the electric field under a biased tip, multi-charge procedures have been developed for the AFM on a metal and dielectric crystal / film [11] . They give an equal electric potential on a surface of conducting tips by exploiting the known image-charge algorithms [8] but with many initial charges inside the tip. Previous attempts to model electric fields in AFM by a single charge [2] [3] [4] cannot reproduce the equipotential tip surface. To satisfy with this condition is extremely important for the AFM contact modes, which are used in switching experiments and characterized by the relation ' << 5 between a tip-sample distance ' and a tip radius 5 of curvature. The single-charge approaches are also inadequate to map electric fields in thin films with +~5 .
Consequently, no correct description of the switching can be achieved by these models at low voltages contrary to the multi-charge method used below. In field calculations, the tip is treated as the circular cone of height K and half-angle θ terminated by a sphere of radius 5 , and the tip surrounding is characterized by a dielectric constant V ε . Two sets K =10 ¬P , θ = , 5 =10 nm (tip $ ) and K =10 ¬P , θ = , 5 =50 nm (tip % ) are specified, and a point contact = ' 0) of the tip with a free ferroelectric surface in vacuum ( V ε =1) is assumed. We mainly consider lead titanate
&P , and γ =0.169
After integrating the electric field in Eq. (1) The results obtained for a ferroelectric film mean the contact instability of AFM-written domains in two respects. First, there is no stable curved domain having its apex in the close vicinity of a continuous electrode. Second, curved domain boundaries touching an electrode tend to unbend.
The reason of these effects is that the depolarization energy is decreasing (a) when the domain-8 spheroid is approaching the bottom electrode and (b) bound charges are compensated by free carriers in the domain-electrode contact area. The latter condition is fulfilled naturally, and the former is confirmed by Eqs. (1)- (2) . A leading role of depolarization fields in domain dynamics is stressed by a considerable increase of the domain radius when the spheroid-to-cylinder transition is occurred. Indeed, the depolarization energy vanishes for the domain-cylinder in static conditions, and the total energy is simply the sum of field and wall ( + U U + πγ ) contributions, where U is now a cylinder radius. The abrupt increase of U due to cancellation of depolarization fields is pronounced if the compensation of polarization charges on the top surface is provided, e. g., by retaining the bias 8 near M 8 for sufficient time. This is seen from Fig. 3 , where the equilibrium domain sizes for 3E7L2 thin film are given as functions of 8 .
All previous analysis implies that (i) the polarization charges on crystal/film surfaces are compensated, but (ii) the bound charges on a domain boundary inside a ferroelectric bulk are not.
Both conditions justify Eqs. (1)- (2), where the depolarization energy is given for a plate-capacitor setup and no bulk migration of free charges is permitted. For any stable domain-spheroid in 
